We explore three-dimensional (3D) isothermal perturbation structures in a non-linear dynamic background of self-gravitating isothermal radial flow with spherical symmetry. The overall flow then appears quasi-spherically symmetric. Here, the dynamic background radial flow describes a self-similar evolution with a central/final free-fall asymptotic solution and a faraway/initial flow but without involving the sonic critical line (SCL). As transients peter out, 3D perturbations can consistently emerge and evolve in a self-similar manner with angular variations separated out in terms of spherical harmonics and with x ≡ r/(at) as the independent self-similar variable where r, t and a are the radius, time and isothermal sound speed, respectively. Independent asymptotic perturbation solutions in large and small x regimes are derived analytically. Global 3D perturbation solutions are constructed numerically for sensible asymptotic solutions. The fifth-order perturbation equations have solutions of four curl-free modes and one vortex mode, with the former identified as multipole and antimultipole modes, P 1 and P 2 modes, respectively. Of the five solutions, four are of potential astrophysical interest and can be utilized for benchmarking numerical codes and simulation results. Our results show that perturbations may or may not grow in a free-fall manner, depending on initial perturbations in mass and velocity distribution. We also find that vortex mode can be converted to other modes during a collapse, and in the l = 1 case, mode conversion will serve to produce a gravitational dipole. For self-similar solutions characterized by envelope expansion with core collapse (EECC), global 3D isothermal perturbation configurations can also be constructed.
I N T RO D U C T I O N
Dynamic processes of massive collapse under self-gravity and pressure force are fundamental to many astrophysical systems including, for example, star formation, cloud core formation, supernova explosions, formation of supermassive black holes (SMBHs), formation of globular clusters, formation of galaxies, formation and evolution of galaxy clusters and so forth. Among them, the self-similar nonlinear dynamic evolution of a gravitational collapse with spherical symmetry has drawn much attention because of its relative simplicity and richness as well as a wide range of astrophysical applications (e.g. Larson 1969a,b; Penston 1969a,b; Hunter 1977 Hunter , 1986 Shu 1977; Whitworth & Summers 1985; Suto & Silk 1988; Yu & Lou 2005; Lou & Wang 2006; Lou & Gao 2006; Yu et al. 2006; Lou & Jiang 2008; Wang & Lou 2008) . The self-similar E-mail: louyq@mail.tsinghua.edu.cn (Y-QL); xbai@astro.princeton.edu (X-NB) dynamic models of spherical symmetry form an important subclass of solutions for non-linear partial differential equations (PDEs) of hydrodynamics; they involve reduced technical difficulties of solving the relevant PDEs and make a non-linear problem tractable by a combination of analytical and numerical means. A more important reason for pursuing such a model formalism is that extensive numerical simulations do show self-similar trends when a flow system has evolved sufficiently away from initial and boundary conditions (e.g. Bodenheimer & Sweigart 1968; Foster & Chevalier 1993) . Larson (1969a,b) and Penston (1969a,b) first worked out a class of isothermal similarity solutions referred to as the Larson-Penston type (LP) solutions. For an isothermal gas, Shu (1977) obtained a family of asymptotic solutions for inner free falls and constructed the limiting case of 'expansion wave collapse solution' (EWCS) in an otherwise static medium (i.e. outer portion of a singular isothermal sphere) to model the formation of low-mass stars in a spherical molecular cloud. Hunter (1977) derived a class of discrete 'complete solutions' from time t → −∞ to t → +∞; the number of such selfsimilar discrete solutions is inferred to be infinite by observing the trend of numerical results. Whitworth & Summers (1985) expanded the solutions to two-parameter continua; their self-similar solutions involve weak discontinuities across the sonic critical line (SCL) and were further discussed by Hunter (1986) regarding possible instabilities (Lazarus 1981) . The self-similar dynamic flow models have been studied with various generalizations and have been developed to also include a random transverse magnetic field with a quasispherical symmetry (Yu & Lou 2005; Yu et al. 2006; Lou & Wang 2007; Hu & Lou 2009; Lou & Hu 2010) , to include various shocks (Tsai & Hsu 1995; Shu et al. 2002; Bian & Lou 2005; Yu et al. 2006) and to describe a polytropic gas (Cheng 1978; Goldreich & Weber 1980; Yahil 1983; Suto & Silk 1988; Lou & Gao 2006; Lou & Wang 2006 Wang & Lou 2008; Fu, Gao & Lou 2011) .
The assumption of spherical symmetry is an idealization. It is adopted for simplification and for the expectation to grossly capture the key features of an astrophysical flow with a quasi-spherical symmetry. Nevertheless, certain physical information must have been lost by presuming a strict spherically symmetric model to represent quasi-spherical cases. For example, for an initial mass density distribution being non-uniform, the conservation of momentum may effectively produce a 'kick' to the central object during a stellar core collapse (e.g. Lai, Chernoff & Cordes 2001; Lou & Cao 2008; Cao & Lou 2009 Lou & Lian, in preparation) . Another example might involve the initiation of a jet-like morphology in astrophysical systems such as the case of supernova remnant (SNR) Cas A (e.g. Hines et al. 2004) .
A spherically symmetric inflow towards the centre will inevitably encounter a singularity that generates transients and feedbacks to influence the large-scale inflow. For a central supersonic free fall, central disturbances are confined within a spherical surface of finite radius. To justify an analysis for a self-similar collapse of spherical symmetry, one conceptually excludes a central sphere of influence which may be shrouded by a standing shock. Except for a black hole that presumably takes everything in, the central object will in general destruct and slow down whatever a spherically symmetric 'diverging inflow' and disturbances may propagate into the inflow. We here explore whether such disturbances could also contain selfsimilar components such that the overall perturbation configuration appears quasi-spherical in a self-similar manner.
There are several purposes and qualifications of our model analysis here. First, it turns out that there exist several classes of global self-similar three-dimensional (3D) perturbation solutions after various transients die out. This would provide mechanisms for diverse and complicated morphologies of quasi-spherical astrophysical systems. Secondly, to further study 3D non-linear evolution of such disturbances, one needs to perform numerical simulations. Self-consistent perturbation solutions are extremely valuable for benchmarking numerical codes and for setting sensible initial spatial distributions of fluctuations. It would also be very informative to explore and simulate how various such self-similar 3D perturbations can be reached under different situations. Thirdly, we mainly focus on derivations of useful asymptotic solutions in several relevant regimes, constructions of global 3D perturbation solutions and analysis of mode conversion processes caused by time evolution of background radial variations. No non-linear couplings are discussed here. This would set the stage for further studies of linear and non-linear instabilities. Finally, there is a whole range of parallel problems awaiting to be analysed. For example, there exist various dynamic background flows and there are different types of perturbations; solutions may involve shocks and sonic critical points etc. To limit the scope of this analysis and to set an example of illustration, we have chosen background flows with central free fall without shocks and without involving the sonic critical point and 3D isothermal perturbations.
We realize the challenge of obtaining full solutions of 3D nonlinear fluid PDEs for gravitational collapses and outflows. If we properly restrict our consideration to quasi-spherical cases as indicated above, a perturbation formalism comes to mind immediately. In a nutshell, we regard a spherically symmetric self-similar flow as the dynamic background and superpose on to it 3D perturbations to study possible self-similar flow behaviours. In spirit, this approach is similar to that of describing stellar oscillations about static stars (e.g. Cowling 1941; Unno et al. 1989; Lou 1995) or waves/fluctuations in steady solar/stellar winds (e.g. Lou 1993a Lou ,b, 1994 yet with a crucial difference, namely the background flow is now time-dependent and also varies with radius r in a self-similar manner.
There are two aspects related to such kind of perturbation formalism. One is about the linear stability property of the dynamic background. Ori & Piran (1988) gave a simple linear stability criterion for an isothermal self-similar flow across the SCL; their perturbations are purely radial though. Hanawa & Nakayama (1997) conducted a similar radial perturbation analysis and concluded that LP-type solutions are more likely to realize than are Hunter-type solutions. Hanawa & Matsumoto (1999 , 2000 investigated nonspherical perturbations to Larson-Penston-Yahil type of solutions and identified bar modes and spin-up modes related to the deformation of spherical self-similar collapsing flows before forming the core.
The other aspect is to establish non-spherical overall perturbation configurations rather than the stability problem. The basic idea in the stability analysis is to make use of the SCL and construct an eigenvalue problem to determine the power-law index s in time t prior to the core collapse (e.g. Lai 2000) . However, if we consider those background solutions that do not encounter the SCL, global nonspherical perturbation configurations can be constructed. This is the main focus of this paper. Together with the dynamic background, these global 3D perturbation solutions are applicable to various scenarios in astrophysical settings and provide relevant physical insight.
In Section 2, we describe the basic formulation of the problem. In Section 3, we derive asymptotic solutions of various types. In Section 4, we construct global perturbation solutions which connect asymptotic solutions at large and small x. We indicate potential astrophysical applications in Section 5, and we discuss our results in context of the kick process of supernova explosion. We discuss and summarize our results in Section 6. Details of technical calculations are summarized in Appendices A-D.
BA S I C M O D E L F O R M U L AT I O N
We first prescribe the dynamic background of a self-similar isothermal flow and then introduce 3D isothermal perturbations to derive linearized hydrodynamic equations. It is possible and self-consistent to let isothermal perturbation variables to behave in a self-similar manner. This forms an important class of 3D isothermal global perturbations.
Dynamic background of isothermal flows
We write the basic non-linear hydrodynamic PDEs in spherical polar coordinates (r, θ , φ) . The mass density, flow velocity and gas pressure are denoted by ρ, u and p, respectively. The isothermal 3D perturbed self-similar isothermal flows 927 equation of state (EoS) is simply p = a 2 ρ where a is the constant isothermal sound speed. We use the numeral subscript '0' to denote the background isothermal flow (Shu 1977; which is a function of (r, t), and use the numeral subscript '1' to denote perturbation quantities depending on (r, θ , φ, t) .
We begin by writing down the dynamic background PDEs of spherical symmetry. The mass conservation reads
We introduce M 0 (r, t) for the background enclosed mass within radius r at time t, and the equivalent mass conservation equations are then
The radial component of the momentum conservation is
where G = 6.67 × 10 −8 dyne cm 2 g −2 is the gravitational constant and −∂ϕ 0 /∂r ≡ −GM 0 (r, t)/r 2 with ϕ 0 (r, t) being the background gravitational potential. The Poisson equation relating ρ 0 (r, t) and ϕ 0 (r, t) for the dynamic background radial flow is automatically satisfied.
We now present the known self-similar transformation below (e.g. Shu 1977) :
where the independent similarity variable is x ≡ r/(at), and the dimensionless functions α 0 (x), v 0 (x), m 0 (x) and φ 0 (x) are the background reduced mass density, radial speed, enclosed mass and gravitational potential, respectively; they depend on x only. With selfsimilar transformation (4), hydrodynamic PDEs (1)-(3) lead to a set of coupled non-linear ordinary differential equations (ODEs):
where the prime stands for the first derivative of a reduced variable with respect to x (e.g. . Rearranging ODEs (6) and (7), we obtain the following two coupled non-linear ODEs for the background flow:
Equation (8) is the same as ODEs (11) and (12) of Shu (1977) and its solutions can be obtained by a combination of analytical and numerical techniques ; these isothermal solutions can be used as background radial flows in our model formulation. Note that singularities appear when (x − v 0 ) 2 − 1 = 0. The physical SCL corresponds to x − v 0 = 1 and we require x − v 0 > 0 to guarantee a positive enclosed mass m 0 (x) by algebraic relation (5).
Solutions of ODE (8) for isothermal self-similar radial flows may be divided into three types.
The first type of solutions does not involve the SCL. For small x, these solutions approach free-fall asymptotic solutions, while for large x, they are characterized by constant flow speeds including zero flow speed (Whitworth & Summers 1985; . For the convenience of analysis, we show asymptotic behaviours of this type of solutions below. At large x, we simply have
where V and A are referred to as the speed parameter and the mass parameter, respectively (e.g. . In fact, this asymptotic behaviour at large x is valid for all three types of solutions. For this particular case under consideration, the regime of parameters should be constrained such that a global semicomplete solution does not encounter the SCL. For small x, the asymptotic free-fall behaviour is (Whitworth & Summers 1985) 1
where m * and K are two constants of integration with m * ≡ m 0 (0) being related to the central mass accretion rate according to the third relation in equation (4). This asymptotic free-fall behaviour at small x is valid for this and third types of solutions below. Shu (1977) constructed and emphasized the EWCS with V = 0 and A → 2 + which is characterized by an inner free-fall collapse and an outer static atmosphere (i.e. the outer part of a singular isothermal sphere); with a central divergence or singularity, the collapsed region expands with time t in a self-similar manner at the constant sound speed a. Such EWCS can be generalized to a polytropic gas (e.g. Cheng 1978; Wang & Lou 2007; Lou & Cao 2008) .
The second type of solutions include LP solutions (Larson 1969a,b; Penston 1969a,b) and the so-called Hunter-type solutions (Hunter 1977; ). It has a smooth finite central density, approaches a zero velocity at the centre and crosses smoothly the SCL once to merge into the same asymptotic branch (9) at large x. The central behaviour around small x bears the form of
where B is a constant parameter (e.g. . Extra conditions are needed for smooth solutions to go across the SCL. There exist two types of eigensolutions (Shu 1977; Whitworth & Summers 1985; ). The Hunter-type solutions are obtained by matching the small x asymptotic solution (11) and one type of the eigensolutions across the SCL. The result is a class of infinitely many discrete solutions (Hunter 1977) . The LP solution can be obtained by matching the small x asymptotic solution (11) and the other type of eigensolutions across the SCL. The third type of solutions has the same asymptotic behaviours as those of the first type, but smoothly crosses the SCL twice. This type of solutions are constructed by matching the eigensolutions across the SCL, and there exists a family of infinitely many discrete solutions .
Typical solutions of these three types are shown in Fig. 1 using the presentation of −v(x) versus x. Note that when these solutions are chosen to describe a dynamic background self-similar radial flow, we use notations v 0 (x) and α 0 (x) instead of v(x) and α(x) to indicate the dynamic background flow. In this paper, we mainly focus on the first type of solutions as dynamic background radial flows. They do not cross the SCL and are much easier to deal with. We leave the other two types of self-similar solutions as dynamic background radial flows for separate considerations.
To conclude this subsection, we solve coupled non-linear ODEs (6) and (7) to derive a few simple relations for a chosen dynamic background similarity flow. They are valid for all types of dynamic background radial flow solutions and are useful in further analytical derivations and numerical calculations of 3D isothermal perturbation equations. From non-linear ODE (6), we obtain
while from non-linear ODE (7), we derive
Isothermal 3D perturbation equations
We use numeral subscript '1' to denote perturbation variables. In the system of spherical polar coordinates (r, θ , φ), we further use subscript 'r' and ' ⊥ ' to denote the radial and non-radial (transverse) components, respectively. The linearized mass conservation equation is
where from now on ∇ ⊥ is r times the non-radial (transverse) component of the conventional nabla operator, i.e. we have
Here {r,θ,φ} represent the right-hand mutually orthogonal unit vectors in r, θ , φ directions of spherical coordinates.
The enclosed mass perturbation M 1 in this case is no longer a convenient dependent variable as for the case of purely radial perturbations to be discussed presently. To the first order, the perturbed Poisson equation appears as
The radial and transverse components of the momentum perturbation equation are
and
respectively, where the vector u 1⊥ stands for the transverse velocity perturbation (u 1θ , u 1φ ). We decompose u 1⊥ as
where rv 1 (r, θ , φ, t) represents a scalar 'stream function', while v rot (r, θ, φ, t) 
In 3D perturbation equations (14)- (20), one can readily separate out θ and φ angular variations by properly introducing the spherical harmonic function Y lm (θ , φ) for perturbation variables ρ 1 , u 1r , v 1 , ϕ 1 and v rot , because the set of Y lm (θ , φ) is complete in the solid angle space. In doing so, we separate a series of discrete perturbation modes characterized by harmonic index pair {l, m}, and for notational convenience, we tacitly regard ρ 1 , u 1r , v 1 , v rot , ϕ 1 as functions of only r and t from now on. For a specific integer pair of {l, m}, equation (14) can be readily reduced to
By taking the transverse divergence ∇ ⊥ · of transverse momentum perturbation equation (18), we obtain
and Poisson equation (16) now becomes
Together with proper initial and radial boundary conditions, isothermal perturbation equations (17), (21)- (23) 
This equation expresses the conservation of the radial component of circulation perturbation or the radial component of the vorticity perturbation (see Lou 1993a,b and Appendix C for more details). We can cast equation (24) in the Lagrangian form of D(rv rot )/Dt = 0, which explicitly expresses the conservation of angular momentum with v rot ∼ 1/r (Lou & Lian, in preparation) . Since v rot is absent in perturbation equations (17) and (21)- (23), we can separately set v rot = 0 from now on and regard the perturbation flow without the radial component of vorticity perturbation. By comparing perturbation equations (17) and (22), we find that u 1r and ∂(rv 1 )/∂r satisfy the same equation. If we set u 1r = ∂(rv 1 )/∂r in equation (21), we can solve perturbation equations (21)- (23) for ρ 1 , v 1 and ϕ 1 consistently. In this special case, the perturbation flow velocity u 1 would be completely curl-free, i.e. ∇ × u 1 = 0 (see Appendix C). In general, we may write a nonvanishing
and by combining perturbation equations (17) and (22), we find that v T should obey the following equation:
This equation is related to the circulation conservation (Appendix C). Although v T can be separated out from the perturbation equations and be solved independently, it cannot be eliminated from perturbation equations. Thus, this conservation quantity does not lower the order of the problem.
2
This model formulation extends and parallels that of stellar oscillations about static stars (e.g. Cowling 1941; Unno et al. 1989 ) and perturbations in solar/stellar winds (e.g. Lou 1993a Lou ,b,c, 1994 . The key difference here is that our dynamic background involves a timedependent radial flow while for stellar oscillations, the background configuration is static. This time-dependent dynamic background radial flow gives rise to perturbation equations of fifth order instead of fourth order as in the case of adiabatic stellar oscillations involving perturbations of the gravitational potential. 3 We are now in a position to seek self-similar solutions from these equations. In reference to the self-similar transformation for the dynamic background radial flow of spherical symmetry, we introduce the following non-dimensional perturbation variables in terms of x ≡ r/(at):
where we have made the angular factor Y lm (θ , φ) for the spherical harmonic function implicit and used subscript l instead to distinguish different perturbation harmonic modes characterized by index pair {l, m}. We do not include a temporal factor (−t) s (here s is an exponent) in perturbation transformation (27) as was done in Lai (2000) , because we mainly aim at finding global self-similar perturbation configurations rather than setting linear (in)stability criteria.
By performing self-similar transformation (27) for 3D isothermal perturbations, equations (21), (17), (22) and (23) reduce to coupled linear ODEs in terms of reduced perturbation variables D l (x), U l (x), V l (x) and l (x) as follows:
For completeness, we perform self-similar transformation for the vorticity perturbation. For v T (r, t), we immediately have
and perturbation equation (26) now reduces to
Here W l (x) is a measure for the vorticity of the perturbation flow, while U l (x) represents radial velocity perturbation. The vorticity perturbation can be independently described by equation (26) . At this stage, equation (29) is automatically satisfied, and for equation (28), we directly substitute equation (32) into it and further make use of equation (30) to eliminate V l (x). After a proper rearrangement with equation (12) being used for simplification, we obtain
where the variable coefficient factor Q(x) is defined as
and Q(x) = 0 corresponds to the condition for the SCL. Perturbation equations (30), (31), (33) and (34) are linear homogeneous fifth-order ODEs which completely describe 3D isothermal perturbation behaviours. For the convenience of analysis, we introduce a new variable l ≡ x 2 l and cast the set of these ODEs into a standard matrix form, ⎛
where the matrix elements b ij are explicitly defined by
,
The system of equations (36) and (37) should have five linearly independent solutions. Among these solutions, we can identify one vorticity mode and four curl-free modes.
For the four curl-free modes without vorticity (i.e. ∇ × u 1 = 0), we simply set W l (x) ≡ 0 in equations (36) and (37). The isothermal perturbation ODEs reduce to a fourth-order system and there are four independent curl-free solutions.
To consider vorticity perturbations, we need to deal with the fifth-order system of ODEs. As W(x) can be directly solved from perturbation ODE (33), these equations can be regarded as inhomogeneous fourth-order ODEs. In contrast to the four curl-free perturbation modes, this vortex mode can thus be distinctly identified.
The SCL for isothermal perturbation equations remains the same as that of the dynamic background as determined by Q(x) = 0. As we have already chosen the first type of dynamic background selfsimilar radial flow solutions such that Q(x) = 0, there will be no problems associated with the SCL for 3D perturbations. Also, for a positive enclosed mass, we require x − v 0 > 0 by algebraic relation (5). With these qualifications, equations (36) and (37) are regular and well defined for analytical analysis and numerical computations.
In certain situations, we may omit the self-gravity associated with the perturbed mass density as in the case of stellar oscillations about static stars, and the Poisson equation is thus ignored. This is the Cowling approximation (Cowling 1941) in the theory of stellar oscillations. In this approximation, we will then have a third-order system of perturbation ODEs, based on which it would be much easier to analyse asymptotic behaviours and to match relevant solutions of interest. In this paper, we have already picked up the simplest type of self-similar dynamic background solutions for consideration and we will deal with a fifth-order system of linear ODEs without invoking the Cowling approximation. We discuss later what would be lost when the Cowling approximation is introduced.
The small difference between any two neighbouring background self-similar solutions inevitably satisfies the l = 0 perturbation equations and all solutions of such perturbation equations can be regarded as such a difference. Such solutions are all obtained by differentiating background solutions with respect to pertinent constants within them. A change of background solution should not be regarded as an instability, so l = 0 solutions will not be considered further.
A NA LY T I C A S Y M P TOT I C S O L U T I O N S
Here, we derive analytical asymptotic solutions at both large and small x from the perturbation equations. For l ≥ 1 cases, we uncover all the five asymptotic solutions from isothermal perturbation equations (36) and (37), including four curl-free modes and one vortex mode. These solutions can be classified into two groups according to their asymptotic scalings.
Mathematically, we search for isothermal perturbation solutions that should be much smaller than the dynamic background, otherwise the linearization procedure would be vitiated. However, the mathematical description of the central collapse scenario should be complemented by additional physical consideration, because density and flow speed become divergent as x → 0 for the central free-fall solution. Physical solutions should have certain cut-offs around a reference radius x = x 0 which can be estimated from the density in a sphere of feedbacks (Lai & Goldreich 2000; Lou & Wang 2006 ; we only take on perturbation solutions in the regime of x > x 0 . As the self-similar behaviour of a self-gravitating gas is well supported by numerical simulations (e.g. Bodenheimer & Sweigart 1968; Foster & Chevalier 1993) , it would be sensible to introduce such cut-offs when the dynamic phase we consider is sufficiently away from initial and boundary conditions. In this sense, it does not matter if a solution is divergent at small x → 0 + , provided that it remains sufficiently small compared to the dynamic background flow at x > x 0 . At large x, a divergent solution would be unphysical unless the finite size of an astrophysical system (a cloud or a star) is invoked.
G group solutions for the l ≥ 1 cases
For the first group, there are two solutions and both belong to curlfree perturbation modes. For this group, the asymptotic perturbation scalings of dependent variables depend on harmonic index l. In fact, one can see that this is a direct result of Poisson equation (31). The mass density perturbation has no influence on the leading order of the gravitational potential perturbation for both large and small x and therefore the asymptotic scaling of l should be either l + 1 or −l. The gravitational force perturbation scales as l /x while the pressure force perturbation scales as D l /α 0 . Therefore, the selfgravity perturbation dominates the pressure perturbation for this solution group. If we adopt the Cowling approximation and ignore the self-gravity, this group of asymptotic solutions would disappear. For this reason, we refer to this group as the 'gravity group' (or G group in short) for the notational convenience. Note that our notations here do not imply stellar g-mode oscillations.
We now write down the explicit asymptotic behaviours at both large and small x of this G group. As the perturbation equations are homogeneous, all perturbation variables in these solutions are proportional to two small constant coefficients denoted by ε 1 and ε 2 , respectively. For large x, the asymptotic behaviours for the two solutions are
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where A and V are the mass and velocity parameters of the background (9). In both cases of asymptotic solutions (38) and (39), the corresponding leading-order expressions of U l (x) are obtained from equation (32) by setting W l (x) = 0. Asymptotic solution (39) at large x is valid only for l > 2 and l = 4 cases, while for the l = 1, 2 and 4 cases, logarithmic terms would appear in some of the leading terms. For example, when l = 1 the leading terms of D l and V l at large x feature the asymptotic scalings of x −3 ln x and ln x, respectively. As this solution is divergent (i.e. the magnitude of the scaling is larger than that of the background flow) at large x, it is therefore unphysical, and we do not intend to give more analysis on it. Asymptotic solution (38) is acceptable, and as x becomes larger, it becomes much smaller than the background flow. For this reason, we expand this asymptotic solution to the second order for more accuracy.
At small x, the two asymptotic solutions are
where m * is the central mass accretion parameter of the background similarity flow (10). Again in both cases, the corresponding leadingorder expressions of U l (x) are derived from equation (32) with W l (x) = 0. Note that coefficient 1 in equations (38) and (40) are not the same, and likewise, coefficient 2 in equations (39) and (41) are not the same. Solution (40) becomes divergent as x → 0 + . As mentioned before, this solution can be useful if it remains sufficiently smaller than the dynamic background radial flow before reaching the cut-off region. Physically, this solution corresponds to a multipole around the origin. As noted in Section 2.3, the isothermal perturbation equations hold for x > 0, and different solutions may have different boundary conditions at x = 0. For solution (40), the gravitational potential is exactly that of a gravity multipole, it has a weaker influence at larger x, but becomes increasingly important as x becomes smaller. We will discuss this solution in Section 4. Solution (41) so far is also a valid solution at small x, since as x goes smaller, it becomes much smaller than the background. However, we will show by extensive numerical exploration that it will connect to solution (39) at large x to become unphysical, but it can be useful in constructing global solutions in Section 4.
P group solutions for the l ≥ 1 cases
The second group contains three solutions, including two curl-free modes and one vortex mode. They are characterized by leading asymptotic scalings at large x being independent of index l. The Poisson equation no longer determines the leading asymptotic scalings of isothermal perturbation variables in this solution group. In fact, for this group of asymptotic solutions, the power-law index for the gravitational force perturbation l /x generally equals that of pressure perturbation xD l . In contrast to the G group solutions of Section 3.1, pressure perturbation becomes important in this solution group. For these reasons, we refer to this group as the 'pressure group', or P group in short, for notational convenience. Note that this is not intended to correspond to stellar p-mode oscillations. If we ignore the self-gravity (i.e. the Cowling approximation), this P group of asymptotic solutions remains, and we will see how the self-gravity modifies behaviours of this P group solutions.
We first consider asymptotic perturbation solutions at large x. For the two remaining curl-free modes, we again use two small coefficients ε 1 and ε 2 to denote the magnitudes of the two solutions respectively. Expanding to the second order, these two solutions are
where A and V are the mass and velocity parameters of the dynamic background similarity radial flow (9).
For the vortex mode, we use small coefficient ε c to denote the magnitude of this mode. We first derive from equation (33) the asymptotic solution at large x as
where A and V are the mass and velocity parameters of the dynamic background flow (9). For this inhomogeneous 'source' driving, the corresponding asymptotic scalings of other perturbation quantities to the leading order are
where only the mass parameter A appears in these leading-order terms. For both cases of curl-free solutions (42) and (43), the corresponding leading-order expressions of U l (x) are derived from equation (32) by setting W l (x) = 0, while for the vortex mode, the corresponding leading-order expression of U l (x) is found from equations (32) and (45) with W l (x) given by expression (44). We emphasize that the most general asymptotic perturbation solution is the sum of this 'particular' solution (44) and (45) with W l (x) = 0 and the general solution (including the four independent curl-free solutions) of the corresponding homogeneous equations (36) and (37) with W l (x) = 0. This statement is valid for the entire x range.
For l = 2 case, 2 and V 2 diverge to the leading order of asymptotic vortex solution (45). In fact for l = 2, to the leading order of large x, D 2 remains the same, while V 2 and 2 contain logarithmic terms in the form of
Mathematical analysis shows that for l > 2 cases, such logarithmic terms would appear in the (l − 1)th order in the series expansion and lead to divergence. By comparing with similarity solution (9) for the dynamic background radial flow at large x, we see that the physical requirement for perturbation quantities is |ε 1 | A and both |ε 2 |, |ε c | |V| in order to justify the linear approximation. When this requirement is not satisfied, non-linear effects would manifest.
We now briefly estimate how much does the self-gravity account for in these 'P group' perturbation solutions. In perturbation equations (36) and (37), we compare the magnitudes of terms contributed by the gravitational potential with magnitudes of other terms. We find that for mass density perturbation, the gravity term can be relevant up to the second order with respect to x −1 in the series expansion. For both radial and non-radial velocity perturbations, the self-gravity modifies the leading-order terms. Therefore, to avoid substantial errors in our model calculations, the isothermal perturbation formalism involving fifth-order ODEs is considered necessary for these asymptotic solutions at large x.
The asymptotic perturbation solutions for this 'P group' at small x can be obtained. For the two curl-free modes, we use two small coefficients ε 1 and ε 2 to denote contributions of the two solutions (note that the asymptotic solutions at large and small x do not correspond to each other in general). To the leading order of small x, we derive
where m * is the central mass accretion parameter of the dynamic background similarity free-fall flow (10). For both cases of curl-free solutions (47) and (48), the corresponding leading-order expressions of U l (x) are readily obtained from equation (32) by setting W l (x) = 0. By comparing with asymptotic solution (10) for the background self-similar radial free-fall flow at small x, it is apparent that the first asymptotic perturbation solution (47) must exceed the background flow at small x. In fact, this is the very solution found by Lai & Goldreich (2000) for a polytropic gas flow; they estimated the scaling of this solution. We show here the explicit form of this asymptotic solution for an isothermal gas and expect the existence of the counterpart in a general polytropic gas flow. The same as before, solution (47) is valid as long as it remains sufficiently smaller than the background free-fall flow at a cut-off radius r 0 . The second solution remains to be smaller than the dynamic background freefall flow at any small x > 0.
For the vortex mode at small x, we still use small coefficient ε c to represent its magnitude. We first derive the asymptotic solution of equation (33) at small x as
where m * and K are the two parameters of dynamic background freefall solution (10). The corresponding scalings of other perturbation variables to the leading order are then
We emphasize that the five asymptotic perturbation solutions at large and small x do not necessarily correspond to each other one to one in the global sense. In other words, one kind of asymptotic perturbation solution at large x, when integrated backwards to small x, should in general appear as a linear combination of all five independent asymptotic perturbation solutions at small x and vice versa for constructing global perturbation solutions from small to large x. In order to distinctly label these perturbation solutions, we refer to their characteristic behaviours at small x because of our main interest there. We call the two asymptotic perturbation solutions described by equations (47) and (48) as P 1 and P 2 modes, respectively. For the vortex solution (49) and (50), we simply call it the vortex mode. For multipole solution (40), we call it multipole mode, while for solution (41), we simply call it antimultipole mode (this mode turns out to be not particularly useful in our further discussion).
Up until now, we have derived all asymptotic isothermal perturbation solutions in both regimes of large and small x from fifth-order isothermal perturbation equations (36) and (37). Our analysis reveals that isothermal perturbation solutions outside the central cutoff have 4 degrees of freedom (or 3 if we completely ignore vorticity perturbation); the reason is that we need to exclude divergent solution at large x. They offer a complete description of 3D self-similar isothermal perturbation behaviours in a self-similar background featuring a central free-fall radial flow. These asymptotic solutions can be used to construct global isothermal perturbation solutions numerically in Section 4.
Amplifications of perturbation modes
We examine some of the asymptotic solutions at small x and focus on density perturbation. We first note that for the multipole mode, we have ratio D l /α 0 ∼ x −l ; for P 1 mode, we have ratio D l /α 0 ∼ x −1/2 ; for P 2 mode, we have ratio D l /α 0 ∼ constant; and for antimultipole mode and vortex mode, the ratio D l /α 0 approaches zero as x → 0. Therefore, isothermal perturbations are amplified relative to the background for multipole and P 1 modes, diminished for vortex and antimultipole modes, and almost unchanged for P 2 mode.
To give a more clear view of isothermal perturbation amplification, we trace the movement of a fluid parcel. First, we have dr = u 0 (r, t)dt = av 0 (x)dt. In terms of x, we have
It follows that dr
For type I solution with central free-fall asymptotic solution (10), |v 0 | > x as x → 0 + and thus dr/r ∼ dx/x. This means that the movement of a gas parcel in radius r can be equally expressed in the self-similar independent variable x. Of our interest, perturbations are amplified in free-fall asymptotic scaling of r −l for multipole mode and as r −1/2 for P 1 mode. This is also the main result of Lai & Goldreich (2000) for a conventional polytropic gas flow. For P 2 mode, perturbations are, however, not amplified and the ratio δρ/ρ 0 remains constant as the free-fall collapse proceeds. For vortex and 3D perturbed self-similar isothermal flows 933 antimultipole modes, relative density perturbations approach zero during the central free-fall collapse. In short, for multipole and P 1 modes, relative density fluctuations tend to grow for x → 0 + . Regarding rotation, we have shown in Section 2.2 that rotation velocity evolves as v tot ∼ r −1 during a central free-fall core collapse, which grows faster than the background radial velocity u 0 ∼ r −1/2 . Therefore rotational perturbations tend to grow relative to the background radial flow as r → 0 (see also Lou & Lian, in preparation) . Our isothermal perturbation formulation remains valid as long as v rot u 0 , so a cut-off at small x is required for the linear phase of rotational modes. Physically, we would expect that rotational modes will eventually evolve into the non-linear regime leading to central core rotation and disc formation and so forth.
G L O BA L 3 D P E RT U R BAT I O N S O L U T I O N S
In this section, we numerically construct global configurations of isothermal perturbations using the available asymptotic solutions at large and small x we have just derived. As discussed in the previous section, five independent isothermal perturbation solutions are derived, namely, the P 1 , P 2 modes and the vortex mode in the P group, and the multipole and antimultipole modes in the G group. We investigate them separately in this section.
Multipole and antimultipole mode solutions
The multipole mode in the G group can be readily constructed. For l = 1 and l = 2 cases, we show examples of such solutions in Fig. 2 . Using asymptotic solution (38) at large x and integrating backwards to small x, we obtain these solutions. The corresponding behaviour at small x is exactly solution (40). We note that the numerical prescription of initial values at large x unavoidably contains other (three curl-free) perturbation modes due to numerical inaccuracy. Fortunately, as x becomes smaller, the growth of multipole mode dominates, and other modes, if they somehow exist, must become negligible as x → 0 + in comparison. By our construction procedure, one may suspect whether there is a mixture of other types of asymptotic solutions as the integration goes backwards to small x. There may be, but at most negligible as can be seen from Fig. 2 . In this sense, we say that asymptotic solution (38) at large x corresponds to asymptotic solution (40) at small x. In particular, the solution curve of (x) appears almost as a straight line in a log versus log presentation. If solution (38) at large x when integrated backwards to small x contains asymptotic solutions other than (40) at small x, then the curve (x) should have some noticeable twists around x = 1, which is not seen in the figure. Empirically, this implies that the coupling between G group and P group solutions is weak. The result above can be understood mathematically that as G group solutions appear only when we consider self-gravity of perturbations, and therefore G group asymptotic solutions should correspond to each other. In terms of physics, this result means that the central multipole dominates and determines the overall isothermal perturbation behaviour at small x.
Solely on the basis of the analysis for multipole modes in the G group, we conceive the following scenario. Suppose we start with a self-similar radial flow of spherical symmetry with a central free fall. Among all possible fluctuations, the G group of multipole modes represents a broad class of plausible perturbations; the relevant power spectrum depends on specific situations. By asymptotic solution (38) at large x, multipole mode perturbations can be sufficiently small initially (i.e. small t) at a sufficiently large radius r. The self-similar evolution of such perturbations will lead to unavoidable Figure 2 . Global isothermal perturbation solutions for the multipole mode in a log-log presentation. The multipole mode corresponds to asymptotic solutions (40) at small x in the gravity group (G group). In both panels (a) and (b), boldface curves denote the background self-similar flow where α 0 (x) and v 0 (x) are the reduced mass density and radial flow speed, respectively. Thin curves denote perturbation flows where D l (x), V l (x) and l (x) are the reduced perturbation quantities of mass density, stream function and gravitational potential, respectively. All signs are positive (+ sign) unless otherwise explicitly marked. linear growths of these modes eventually (i.e. large t) towards small r. Several non-linear effects are expected, e.g. perturbation mode couplings, generation of spatial higher harmonics, mode energy transfer, non-linear steepening and formation of sharp structures on smaller scales etc. All these 3D structures will be advected towards the centre by the powerful free-fall flow. In this sense, the flow is necessarily unstable towards the central region as x → 0 + by the presence of these multipole modes in the G group.
Among various possibilities, there are two cases (Lai & Goldreich 2000) . (1) The l = 1 case gives an extra degree of freedom for the central core movement. In this case, the core can move slightly away from the geometric centre x = 0 and a dipole moment is thus produced. For example, one class of such modes may be obtained from the background solution by moving the origin a little; writing
1/2 and differentiating the solution with Figure 3 . Global isothermal perturbation solutions for the antimultipole mode in a log-log presentation. The antimultipole mode corresponds to asymptotic solutions (41) at small x in the G group. In both panels (a) and (b), boldface curves denote the dynamic background self-similar flow where α 0 (x) and v 0 (x) are the reduced mass density and radial flow speed of the background, respectively. Thin curves denote perturbation flows where D l (x), V l (x) and l (x) are the reduced perturbation quantities of mass density, stream function and gravitational potential, respectively. At large x, the growth of such perturbations overwhelms the background flow and this mode is thus unphysical. All signs are positive (+ sign) unless otherwise explicitly marked. respect to z 0 and then setting z 0 equal to zero, one inevitably gets a solution with a z which therefore varies as cos θ and is l = 1.
(2) The l = 2 case may correspond to situations where the central star rotates fast or contains a massive circumstellar disc to produce quadrupole moment. The l = 1 and 2 cases are plausible during a collapse.
The antimultipole mode can be constructed numerically in a similar manner. For l = 1 and l = 2 cases, we show examples of such solutions in Fig. 3 . One can specify asymptotic solution (41) at small x and integrate towards large x. The result is generally a divergent solution at large x described by solution (39), which is unphysical. Similarly, we can conclude that asymptotic solution (41) at small x corresponds to asymptotic solution (39) at large x for l > 2 cases. By exploration, solution behaviours for isothermal perturbation with l > 2 are very similar to those of l = 2 case. For the l = 1 case, mixture with asymptotic solution (47) is observed [the density scaling for asymptotic solution (39) is l − 4 = −3, while that for asymptotic solution (42) is −2, which decreases slower with increasing x, and is observed in Fig. 3a] . This is a case where mode mixture or mode conversion can be observed. As the independent variable x = r/(at) contains both r and t, such mode conversion or mixing is caused by radial variation and temporal evolution. One might expect a more effective mode conversion for more drastic variations such as the presence of shocks.
P 1 and P 2 mode perturbation solutions
Global isothermal perturbation solutions for P 1 and P 2 modes in the P group cannot be directly obtained in the same manner as in the preceding subsection. Since perturbation equations (36) and (37) are linear, all independent perturbation solutions are generally superposed together. For a given set of initial values at x, either backward or forward integrations may eventually come to a divergent behaviour; this is because the choice of initial values inevitably contains a component of the divergent solution (either multipole or antimultipole modes) in general due to radial inhomogeneity and temporal evolution. Empirically, we do not see significant mixing or mutual conversion between P group and G group perturbation solutions. This might be related to the distinct physical nature of these two groups of perturbations. At this time, the multipole and antimultipole modes we have obtained will be extremely useful. In practice, we specify an asymptotic solution at large x (about x = 100) or small x (about x = 10 −4 ) in the P group and integrate backwards to x → 0 + or forwards to x → +∞, respectively. Meanwhile, we specify multipole or antimultipole mode solutions in the G group. Then with proper subtractions, we can manage to cancel the divergent solution components at small or large x to obtain less divergent solutions which are already in the P group. In this way, we can obtain P 1 and P 2 mode solutions numerically and we show these P group solutions in Figs 4 and 5.
Two curl-free (or potential) asymptotic solutions (42) and (43) of the P group at large x and two curl-free (or potential) asymptotic solutions (47) and (48) of the P group at small x should have correspondence in general (we have managed to remove G group solutions and there can be only P group solutions). But here it is not necessarily a one-to-one correspondence. For example, the P 1 perturbation mode has asymptotic behaviour (47) at small x, while at large x, it gradually emerges as a linear combination of asymptotic solutions (42) and (43), as can be identified from Fig. 4 .
The P 1 mode was explored by Lai & Goldreich (2000) for a conventional polytropic gas flow. They noted that for this mode, the relative mass density fluctuation scales as δρ/ρ ∼ r −1/2 when r → 0 + , indicating a spatial amplification of perturbations during the central free-fall collapse. Indeed, for this solution, we see from equation (47) and Fig. 4 that the main amplification lies in density and transverse velocity perturbations; using equation (32), one can further show that the radial velocity perturbation remains constant as the free-fall collapse proceeds. This may be a general result in the free-fall regime of a gravitational core collapse of a star or a cloud. However, such amplification is not sufficiently fast to ignore other perturbation modes. In general, a global perturbation can be decomposed into various modes such as P 1 , P 2 and vortex modes (if we do not consider the multipole mode). When the P 1 mode component is very small, it may not be effectively amplified to play 4. Global isothermal perturbation solutions for P 1 modes in the P group. The P 1 mode corresponds to asymptotic solutions at small x in the P group defined by solution (47). In both panels (a) and (b), boldface curves represent the dynamic background self-similar radial flow with α 0 (x) and v 0 (x) being the reduced mass density and radial flow speed. Thin lines denote perturbation flows where D l (x), V l (x) and l (x) are the reduced perturbation quantities of mass density, stream function and gravitational potential, respectively. All signs are positive (+ sign) unless otherwise explicitly marked. a completely dominant role, and then other modes will manifest to various extents.
The P 2 mode is a newly obtained isothermal perturbation solution that is regular everywhere (i.e. the linear approximation can always be valid without cut-offs). For this P 2 mode, the mass density perturbation carries the same scaling as that of the background radial flow, while both radial and non-radial velocity perturbations decrease as x becomes smaller. We note that the density perturbation is neither amplified nor diminished (i.e. the ratio of relative mass density fluctuations δρ/ρ remains more or less constant). Therefore, this component of perturbations should appear more important when the P 1 mode is not effectively amplified, and be ubiquitous. . Global perturbation solutions for P 2 modes in the P group. The P 2 mode corresponds to asymptotic solutions at small x in the P group defined by solution (48). In both panels (a) and (b), boldface curves represent the background radial flow where α 0 (x) and v 0 (x) are the reduced mass density and radial flow speed. Thin curves denote perturbations in the flow where D l (x), V l (x) and l (x) are the reduced perturbation quantities of mass density, stream function and gravitational potential, respectively. All signs are positive (+ sign) unless otherwise explicitly marked.
Vortex mode solutions and mode conversion processes
We construct isothermal vortex mode perturbation W l (x) globally from equation (33). We have also obtained asymptotic solutions (45) at large x and (50) at small x for reduced perturbation quantities D l (x), V l (x) and l (x). To construct this vortex mode, we apply the same procedure as that used in obtaining P 1 and P 2 modes. 4 For features of asymptotic vortex mode at small and large x, we show sample solutions in Figs 6 and 7, respectively.
The most striking feature of Figs 6 and 7 is that vortex mode asymptotic solutions at small (or large) x, when integrated towards large (or small) x, will appear in the form of other modes. In other (49) and (50) at small x. In both panels (a) and (b), boldface curves represent the dynamic background similarity radial flow where α 0 (x) and v 0 (x) are the reduced mass density and radial flow speed, respectively. Thin curves show perturbations in the flow where D l (x), V l (x) and l (x) are the reduced perturbation quantities of mass density, stream function and gravitational potential, respectively. All signs are positive (+ sign) unless otherwise explicitly marked. Note that large x behaviours are dominated by antidipole mode for l = 1 case and by P 1 and P 2 modes for l ≥ 2 cases.
words, vortex modes appear to be gradually converted to other modes in the inhomogeneous background dynamic flow. Such mode conversion is generally expected to occur in an inhomogeneous radial flow which also evolves in time. Since vortex perturbations represented by W l (x) are conserved by equation (26), asymptotic solutions (45) and (50) should exist in global vortex solutions. However, mode conversion processes can give rise to curl-free modes which manifest at large (or small) x their own characteristic asymptotic features. As vortex asymptotic solution decreases faster as x → 0 + and x → ∞ than other asymptotic solutions in the P group, it is therefore possible for curl-free solution features of the P group to overwhelm vortex asymptotic behaviours.
For the l = 1 case, such mode conversion involves G group solutions (see footnote 3). The result is interesting. Let us consider (44) and (45) at large x. In both panels (a) and (b), boldface curves represent the dynamic background similarity radial flow where α 0 (x) and v 0 (x) are the reduced mass density and radial flow speed, respectively. Thin curves show perturbations in the flow where D l (x), V l (x) and l (x) are the reduced perturbation quantities of mass density, stream function and gravitational potential, respectively. All signs are positive (+ sign) unless otherwise explicitly marked. Note that small x behaviours are dominated by the dipole mode for the l = 1 case and by P 1 mode for l ≥ 2 cases. Fig. 7(a) . Suppose that initially (at time t = 0 and thus x → +∞) the system has only vortex perturbation. As a core collapses, the central free-fall region appears to be overwhelmed by multipole (or dipole for l = 1) asymptotic behaviours at small x around the centre. This requires a central gravitational dipole which can be produced by a departure of the core from geometric centre r = 0. So the physical picture is that l = 1 vortex perturbation may also move the core off the centre. We next consider Fig. 6(a) . To keep the vortex asymptotic solution (49) at small x, one must keep the antidipole asymptotic solution at large x, making this solution unphysical. In fact, we can also cancel this large x divergent behaviour by subtracting an antidipole global solution. The result is that at small x, D(x) and V(x) still behave as vortex asymptotic mode, while (x) will behave as antidipole asymptotic mode.
3D perturbed self-similar isothermal flows 937
For l ≥ 2 cases, as we can remove solutions in the G group, the mode conversion involving only solutions within the P group is possible. Therefore, pure vortex asymptotic perturbations can no longer result in central asymptotic perturbations of multipoles.
Asymptotic solution (49) for vortex mode at small x needs careful adjustment to realize numerically. We see from Figs 6 and 7 that only a precise combination of perturbations in the P group at large x can evolve into such asymptotic behaviours.
Decomposition into perturbation modes
We have explored behaviours of all five perturbation solutions. All these modes may coexist in a combination or a mixture. The inhomogeneous background dynamic flow also continuously joins pertinent asymptotic perturbation solutions at large and small x. To apply our results above, we need to separate these perturbation modes out if possible.
Suppose perturbations in density ρ 1 and velocity u 1 (they are observables in principle) distribute all over a flow system at time t → 0 + (thus x → ∞). These perturbation quantities are generally functions of (r, θ , φ, t). As the first step, one can separate vorticity perturbations out as in equations (19) and (25):
We will drop vorticity perturbations for the moment since they are dynamically less important as shown in the previous subsection. Then we decompose fluctuations of density ρ 1 and stream function v 1 into spherical harmonics Y lm (θ , φ), leaving a series of functions of r labelled by index pairs {l, m}. For each perturbation component with index pair {l, m}, we then have ρ 1lm , v 1lm and v Tlm , and also ϕ 1lm obtained from the Poisson equation. These perturbation functions can be further decomposed into the asymptotic perturbation solutions at large x derived in the previous section because t → 0 + corresponds to very large x. Therefore, we can estimate the perturbation amplitude coefficients ε 1 , ε 2 , ε c as in equations (42), (43) and (44) (note that ε 1 , ε 2 here for large x differ from those amplitude coefficients of P 1 and P 2 perturbation modes at small x). Then, a straightforward numerical integration backwards to small x determines the evolutionary profile of perturbations in the radial flow.
A S T RO P H Y S I C A L C O N T E X T S
Now we have sampled several global 3D isothermal perturbation solutions for the type I self-similar background radial flow with a central free fall. We find that with proper cut-offs at a small x, four global perturbation solutions may be acceptable. If we drop the multipole mode branch of perturbations, three perturbation solutions in the P group remain applicable. We might use the common dipole (i.e. l = 1) case to relate the 'kick' process in a core-collapse supernova.
Net momentum flux in the l = 1 case
The l = 1 dipole case may be the most common kind of asymmetry. It may be caused by non-uniform distributions of density and velocity, or by the deviation of central core off the centre x = 0 (i.e. the dipole mode) and appears in the first order of perturbation analysis. One consequence is a non-zero momentum flux associated with the central spherical object.
To begin with, we cast the Euler momentum equation in the conservation form of ∂ ∂t
where ik ≡ pδ ik + ρu i u k is the momentum flux tensor which contains both the pressure term and the flow stress term, and p, ρ, u, ϕ denote the total (i.e. the background and perturbations together) pressure, mass density, velocity and gravitational potential of the flow. The second term on the right-hand side (RHS) is the selfgravitational acceleration. We are interested in the momentum flux tensor term in PDE (54). To calculate the body force imparted on to the central spherical object by net momentum flux, we should integrate over the surface of a central sphere. We regard the surface as a homogeneous ball with a radius r 0 , and the volume integral can be transformed to a surface integral through the Gauss formula. Then we divide ik into the background and first-order perturbation parts. The background term is spherically symmetric and the corresponding integral vanishes as expected. For the first-order perturbation terms, we summarize detailed calculations in Appendix D and directly write down the result below:
where we have substituted all quantities (including both the background and perturbations) and performed the integration over a reference sphere of radius r 0 = xat. In the integrand of integral (55), the D 1 term by itself alone comes from the pressure contribution which becomes much smaller than the D 1 v 2 0 term associated with the background flow for a very small x. Here we have taken l = 1, and e z is the unit vector of the z-axis along the direction of asymmetry.
5 For simplicity, we set m = 0. The value of m does not really matter, because a different choice of m is equivalent to a π/2 change in viewing direction.
For theoretical purpose, we show below asymptotic solutions for the dipole mode, the P 1 and P 2 modes, and the vortex mode, respectively. Based on these, we derive the leading-order body forces as examples of illustration.
For the dipole mode, we have asymptotically V 1 = εx −3/2 , U 1 = −εx −3/2 /2 and D 1 = 3εx −5/2 /4 and therefore the force
with ε being a small amplitude coefficient. For the P 1 mode, we have
as x → 0 + . Then to the leading order, V 1 and D 1 terms determine the force, and a simple calculation shows that D 1 plays a more important role. Using the previous results, we have the force 7 5 This integral does not vanish also for l = 3, 5, 7 · · · cases, and only V lm is involved in the body force. Relevant derivations are detailed in Appendix D. 6 We see that F d diverges as x approaches zero. Therefore, in the volume integral of equation (54), the momentum flux term cannot be converted to equation (55), and one should introduce another radius r i with 0 < r i < r 0 and integrate over the region r i < r < r 0 . However, in reality, we will never meet divergence, and we just take the surface integral with radius r 0 . 7 For l = 3, 5, 7· · · cases, the force of this mode also has the form of ε/x.
with ε 1 being a small amplitude coefficient. For the P 2 mode, since U 1 , V 1 ∼ x 1/2 and D 1 ∼ x −3/2 as x → 0 + in general by equation (48), it is readily seen that for the RHS of equation (55), the second term associated with D 1 diverges as x −1/2 , while the first term associated with velocity perturbation behaves as x 1/2 and is thus negligible as x → 0 + . Now we clearly see that the non-zero force acting on the central object is mainly due to the hitting of a dipole distribution of mass. The resulting force is 8
with ε 2 being a small amplitude coefficient. For the above three perturbation modes, the force given by the momentum flux diverges as r → 0 (or x → 0 + ). It appears that a dipole asymmetry tends to emerge before the appearance of a rebound shock. Therefore the cut-off at a certain radius for the validity of linear approximation is necessary. As before, the cut-off radius should correspond to a spherical surface encompassing the central object for P 1 and P 2 modes, and a bit far from the surface for the dipole mode.
When it so happens that the vortex mode is present and that it is precisely combined with P group solutions to give the vortex asymptotic solution (50) at small x, the contribution then comes from the vortex asymptotic solution (if not, this contribution would be negligible in comparison). For this mode, it is straightforward to derive the force term as
with ε c being a small amplitude coefficient. This force F c goes to zero as x → 0 + . At the physical cut-off, this force would be very small compared to forces of other isothermal perturbation modes discussed earlier.
Now we have calculated the momentum flux term on the RHS of PDE (54). We briefly comment on the gravity term on the RHS of PDE (54). In practice, both of the two terms contribute to the force on the central object during a collapse. However, the gravity term is not integrable for dipole, P 1 and P 2 perturbation modes if the volume contains the origin r = 0. This is understandable because the background radial flow becomes singular as x → 0 + . A way of avoiding this singularity is to choose an inner radius r i with 0 < r i < r 0 and integrate in the spherical shell volume of r i < r < r 0 (we should also do this for spatially integrating the momentum flux term). We have performed such integration, and the result is that to the leading order, the gravity force exactly cancels the momentum force for the dipole, P 1 and P 2 perturbation modes. For the vortex and antidipole modes, the forces caused by momentum flux and gravity terms do not cancel in the leading order at a certain radius r 0 ; they only approach zero as x → 0 + . The direct consequence of the competition (or residual) between the momentum flux and gravity force terms on the RHS of PDE (54) is the left-hand side (LHS) acceleration term. Based on the asymptotic perturbation solutions shown above, the dipole mode clearly has a non-trivial contribution from the volume integration of ∂(ρu i )/∂t term on the LHS of PDE (54). The growth of such dipole modes into the non-linear regime may give rise to a movement of the 8 For l = 3, 5, 7· · · cases, the force of this mode is negligible. central spherical object. This core movement mechanism remains to be further explored numerically in the non-linear regime.
Kick process
It is known that the observed peculiar velocities of neutron stars (NS) in space are much greater than their progenitors (e.g. Lai 2003) . A sensible explanation for such high peculiar velocities is that an asymmetric supernova explosion may give rise to an initial kick on the central nascent NS. There are growing observational evidence for such 'kicks'. The study of pulsar proper motion gives mean velocities of ∼200 to ∼500 km s −1 (e.g. Lyne & Lorimer 1994; Cordes & Chernoff 1998; Hobbs et al. 2005; Faucher-Giguère & Kaspi 2006 ) with a population having peculiar velocities V 1000 km s −1 (a maximum speed of ∼1600 km s −1 ). Evolutionary studies of NS binary systems also imply the existence of pulsar kicks at their births (e.g. Dewey & Cordes 1987; Dewi & van den Heuvel 2004; Willems & Kalogera 2004) . Moreover, direct observations from supernova remnants (SNR) also reveal evidence of NS kicks (e.g. Leonard et al. 2001) . Currently, the kick is thought to be generated either by the large-scale density asymmetries immediately before an SN explosion (e.g. Burrows & Hayes 1996; Lai & Goldreich 2000) , or by asymmetric powerful neutrino emissions in the presence of ultrastrong core magnetic field (e.g. Arras & Lai 1999) , or by off-centred electromagnetic dipole emission from a young pulsar (e.g. Harrison & Tademaru 1975) . Colpi & Wasserman (2002) proposed a transient state of proto-NS binary and find that the explosion of the lighter one can cause very large recoil velocities of the massive NS. Socrates et al. (2005) presented the neutrino-bubble instability as a kind of combination of the first two mechanisms.
The lack of empirical correlations between NS peculiar velocities and other properties (such as period and magnetic field etc.) makes it difficult to judge among those mechanisms. However, situation changes when recent X-ray observations of compact X-ray nebulae of several young pulsars by Chandra spacecraft indicated an approximate alignment between pulsar proper motion and its spin axis (e.g. Lai et al. 2001) . This relation cannot be achieved unless the kick time-scale τ kick is much longer than the NS initial spin period. Further analysis suggests that when the NS initial spin is less than a few times 100 ms, the kick-spin alignment generally holds. This is a good indication that τ kick is a few hundreds ms. Both the hydrodynamic model and the magneto-neutrino model are favoured, although for the latter, whether proto-NSs can have extremely intense magnetic fields of 10 14 -10 15 G remains to be explored (e.g. Lou & Wang 2007; Hu & Lou 2009) .
Whether the hydrodynamic model can produce kick is still in debate (e.g. Fryer 2004; Murphy, Burrows & Heger 2004) . Nevertheless, the hydrodynamic model is one of the leading mechanisms for kick production and is the focus of discussion here. Numerical simulations show that local hydrodynamic instabilities in the core and its surrounding shock mantle are not sufficient to produce kick velocities of 100 km s −1 (e.g. Burrows & Hayes 1996; Lai et al. 2001) , and global asymmetric perturbations of pre-supernova cores are required to produce the observed kick velocities (e.g. Burrows & Hayes 1996; Goldreich, Lai & Sahrling 1996) . Large-scale convection driven by explosive burning in oxygen and silicon layers above the iron core in the last few minutes can create density perturbations in oxygen and silicon shells (e.g. Burrows & Hayes 1996; Fryer 2004) . Furthermore, Goldreich et al. (1996) suggested that overstable g-modes oscillations in the pre-supernova core driven 3D perturbed self-similar isothermal flows 939 by shell nuclear burning might provide asymmetry to the iron core itself (Lou & Cao 2008; Cao & Lou 2009 .
Various processes are involved in the gravitational core collapse prior to an SN explosion. Here we consider several aspects from the perspective of gas dynamics with self-gravity.
Before the onset of core collapse, a set of mass density perturbations are expected to exist (e.g. a progenitor may oscillate in various modes; Beck et al. 2011) . In particular, the l = 1 perturbation results in a dipole asymmetry and provides seeds for potential kick production. At t = 0, the central region suddenly loses enough pressure support, and the gravitational collapse starts from the core centre and travels outward to induce a global collapse in an approximately self-similar manner characterized by the central free-fall asymptotic solution. As the iron core collapses, the accretion quickly forms a proto-NS at the centre, and a solid surface of the degenerate core takes shape, preventing outer materials from further penetration. A powerful rebound shock then emerges around the central core (e.g. Lou & Wang 2006 Hu & Lou 2009 ) and drives most of the infalling materials outward.
During the iron core collapse, global perturbations in density, velocities and gravitational potential can be further decomposed to match various perturbation modes as identified by dipole mode, P 1 and P 2 modes, and vortex mode and so forth. Therefore, the growth rate is then largely determined by the actual decomposition.
S U M M A RY A N D D I S C U S S I O N
We have derived 3D self-similar isothermal perturbation equations in a spherically symmetric dynamic background radial flow of isothermal gas. The rotational perturbation effect can be separated out in an equation independent of the remaining perturbation equations; together, they form a fifth-order linear homogeneous ODEs after a self-similar transformation. Vortex mode perturbations can be solved independently, making the remaining perturbation equations a fourth-order linear inhomogeneous system. We adopt type I self-similar solutions (i.e. the ones that do not cross the SCL and have a central free-fall behaviour at small x) as the dynamic background radial flow profile, and asymptotic solutions of isothermal perturbation equations in both large and small x regimes are all derived analytically. Imposing these asymptotic perturbation solutions in proper regimes, we have constructed global 3D perturbation solutions numerically as examples of illustration (see displays of figures). With physical consideration, four independent global perturbation solutions are identified, and two of them should be used with proper cut-offs at small x.
In this model of global 3D isothermal perturbations, we invoke the isothermal approximation for the gas flow. A more general and practical treatment is to consider a polytropic gas flow (e.g. Yahil 1983; Hunter 1986; Lai & Goldreich 2000; Lou & Wang 2006; Cao & Lou 2009 . For the free-fall background solution around the centre, the result for polytropic gas are similar to the isothermal case (Wang & Lou 2008) , and we expect the existence of counterpart 3D perturbation solutions that generalize and parallel our isothermal results here, and further anticipate that our results for 'kick' production would remain in a polytropic gas flow. Our model does not include a random magnetic field at this stage. In modelling a gravitational collapse of a gas cloud, a completely random magnetic field may be incorporated into the self-similar framework under the approximation of a quasi-spherical symmetry; and using such a model, Yu & Lou (2005) found that at large x, the scaling for the transverse magnetic field is B ⊥ ∼ r −1 while at small x, a radial scaling of B ⊥ ∼ r −1/2 emerges, roughly consistent with observational inferences. It is also possible to include MHD shocks in such model considerations (e.g. Yu et al. 2006 ) as a straightforward generalization of hydrodynamic shocks in isothermal collapsing clouds (e.g. Courant & Friedrichs 1976; Spitzer 1978; Tsai & Hsu 1995; Shu et al. 2002; Bian & Lou 2005) . For supernova explosions, Lou & Wang (2007) generalizes the new quasi-static solution found by Lou & Wang (2006) to include a random magnetic field and estimates the profile of the magnetic field strength in an exploding star, their results also roughly consistent with observational inferences. The magnetized self-similar collapse model can be treated for further explorations to study magnetic field in perturbation configurations. The rotational perturbation effect is represented by v rot that can be fully separated out from the rest of perturbation equations as noted. The conservation of angular momentum requires rotation velocity be amplified as r −1 , which is faster than the background radial velocity profile of r −1/2 towards the centre indicating an unstable growth and provides a sensible mechanism for rotating compact objects. When rotation becomes important, collapse may be hindered by the centrifugal force.
As mentioned above, the SCL for the isothermal perturbation equations is the same as that for the background radial flow equations (i.e. x − v 0 = 1). Our choice of background radial flow solution does not encounter this SCL. For a background solution that crosses the SCL smoothly, when we consider its perturbation, further conditions should be met, which reduces the degrees of freedom of independent perturbation solutions. Since we have Q(x) in the denominator, the divergence at the SCL is of first order, and this means that 1 degree of freedom must be reduced in order to match perturbation solutions.
Hunter-type solutions are often referred to as pre-catastrophic solutions while the free-fall background solutions we invoke here are called post-catastrophic solutions. For the former, we have time t < 0 and a finite central density, which indicates the phase before core formation. For the latter, we have time t > 0 and a central point mass increasing with time, which suggests core formation and growth. The Hunter-type solutions must cross the SCL and have been studied for stability in details (e.g. Hanawa & Matsumoto 1999; Lai 2000) . In their studies, they take the curl-free case, with four asymptotic perturbation solutions at both large and small x. The boundary condition at small x [with background asymptotic solution (11), differs from our choice] excludes two solutions, while smooth condition at the SCL further excludes one solution, leaving only one independent solution. However, this solution diverges at large x in general. We can add another degree of freedom by adding a temporal factor t σ (as in Hanawa & Matsumoto 1999) or t s (as in Lai 2000) to the self-similar transformation (27) with s or σ as an extra parameter. Then the boundary condition at large x sets up an eigenvalue problem for the s or σ parameter, and their sign is an indicator of instability or stability. They found unstable bar modes (i.e. l = 2) for the isothermal case, while other cases are proven to be stable.
We now consider envelope expansion with core collapse (EECC) solutions constructed by . EECC background solutions are also post-catastrophic solutions. They share the same asymptotic solutions as type I solutions of this paper, but cross the SCL twice. There are also EECC solutions without encountering the SCL. In constructing global perturbation solutions, 2 degrees of freedom are reduced at the SCL, one is reduced at large x, and in l > 2 and those without a central gravitational dipole or quadrupole origin cases another one is reduced at small x. For global perturbations, there are five independent asymptotic solutions therefore 4 degrees of freedom, which is enough to fit all boundary and SCL conditions. Therefore, there will be no eigenvalue problem and the perturbation may be regarded as stable. However, when perturbations are required to be curl-free, we have 1 degree of freedom less, the situation becomes somewhat complicated. For l > 2 and those without central gravitational dipole or quadrupole origin, one needs to add the time factor in self-similar transformation as was done for Hunter-type solutions to obtain an eigenvalue problem, and one cannot tell whether these modes are stable or not at present. For those containing a central dipole or a quadrupole, perturbations can be stable.
In summary, we reach the following conclusions.
(i) Global 3D perturbation solutions exist for the postcatastrophic collapse. For l = 1 and 2 perturbations, there are four independent perturbation modes (multipole, P 1 , P 2 and vortex modes), while for l > 2 perturbation, there are three (except multipole mode). General self-similar 3D isothermal perturbations can be decomposed into these modes with different phases and amplitudes.
(ii) These modes are differently amplified relative to the background radial flow during the free-fall stage of a core collapse, with multipole mode as r −l , P 1 mode as r −1/2 and P 2 mode as r 0 , respectively.
(iii) An initial vortex perturbation mode will be converted to other perturbation modes because temporal evolution of radially inhomogeneous background. In particular, initial l = 1 vortex perturbation will serve to produce gravitational dipole (push the core off centre) during collapse.
(iv) Odd l perturbation components may cause net momentum flux in perturbation flow which characterizes the force associated with asymmetry. Among them the l = 1 case is the most powerful one.
These global 3D perturbation solutions provide valuable references for benchmarking numerical codes and simulation results. Our model analysis here also serves as example for complementary analyses of other pertinent cases.
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variables v 0 (x) and α 0 (x) given by expression (9), here we expand the matrix coefficients to the third or fourth order to consistently achieve enough precision of analysis. In our calculations, we will often use the following asymptotic expressions for large x:
The asymptotic series expansion results at large x for some complicated coefficients in matrix of ODE (36) are
Similarly for spherically symmetric perturbations with l = 0 and thus m = 0, we can also cast 3D perturbation ODEs into the standard matrix form ⎛
where the analytical expressions for the four matrix coefficients c ij can be readily identified in the context in a straightforward manner. We obtain the asymptotic expressions of these four coefficients at large x below:
A P P E N D I X B : A S Y M P TOT I C A NA LY S I S F O R S M A L L x > 0
To obtain asymptotic perturbations at small x > 0, we expand the coefficient matrix of ODEs (36) into power series of small x. Using solutions in equation (10), we expand them to the first or second orders. In our analysis, we frequently use the following asymptotic expressions for small x:
where m * and K are two integration constants Yu & Lou 2005) . The series expansion results at small x for somewhat complicated coefficients in matrix equation (36) are
Similarly for spherically symmetric isothermal perturbations with l = 0 and thus m = 0, we derive below asymptotic behaviours of the matrix coefficients for small x in ODE (A3) of Appendix A:
With these analytic asymptotic expressions for small x, one can readily verify our derived results systematically.
A P P E N D I X C : VO RT I C I T Y E Q UAT I O N
The fully non-linear momentum equation is
where u is the bulk flow velocity, ρ is the mass density, p is the gas pressure and is the gravitational potential. From equation (C1), we obtain
For the dynamic background, there is no vorticity. For a broad class of 3D perturbations in general, the linearized vorticity equation can be written as
where ζ ≡ ∇ × u 1 is the vorticity perturbation; u 1 ≡ (u 1r , u 1θ , u 1φ ) is the velocity perturbation; and u 0 represents the dynamic background flow. One should be able to derive analytic asymptotic solutions for small and large x from this 3D vorticity perturbation equation directly and also to construct global solutions numerically. Depending on the dynamic profile of u 0 , the vorticity perturbations can become unstable (Lou & Lian, in preparation) . In spherical polar coordinates (r, θ, φ), we thus have
where the three components of ζ are
9 The polytropic index of 3D perturbations can be different from the polytropic index of the hydrodynamic background (e.g. Lou & Lian, in preparation) . This case is not considered here.
As the vorticity perturbation equation is independent of the rest of the perturbation equations, we may set ζ = 0 such that the velocity perturbation can be written as the gradient of an arbitrary function. Perturbation equations (14), (16), (17), and the transverse divergence of equation (18) involve four perturbation variables, u 1r , ρ 1 , ϕ 1 and ∇ ⊥ · u 1⊥ and form a fifth-order homogeneous system as the Poisson equation (16) contains a second derivative of ϕ 1 in r. Through perturbation in 'stream function' rv 1 , perturbation equation (22) is equivalent to the transverse divergence of equation (18). Two of the equations (C4)-(C6) are independent and thus two corresponding relations in (C7)-(C9) can be used to determine the transverse velocity perturbation. In general, ∇ ⊥ · u 1⊥ = 0 and ζ = 0 for perturbations in the dynamic background radial flow. Together with two of equations (C4)-(C6) and the corresponding two relations in (C7)-(C9), we can then completely determine selfsimilar perturbation solution behaviours of u 1r , u 1θ , u 1φ , ρ 1 and ϕ 1 .
A P P E N D I X D : F O R C E E S T I M AT E S
Here we derive and discuss the forces in the asymmetric collapse of a free-fall isothermal gas flow, starting from equation (54).
First, general perturbations can be decomposed into spherical harmonics Y lm (θ , φ) labelled by index pair {l, m}. For l = 1 perturbations, one can choose a special axis as z-axis along e z of l = 1 asymmetry. Along the e z axis, we have only m = 0 component for l = 1. We then calculate the integral over a spherical volume within radius r. For the background, the integral vanishes due to spherical symmetry. We just consider the effects of first-order perturbation terms.
For the momentum term, the volume integral can be transformed into a surface integral by the Gauss theorem,
Along a direction n labelled by position angles (θ , ϕ ), the projected force is
Using self-similar transformation (27) for the first pressure term on the RHS of equation (D2), we have 
where x 0 = r 0 /(at 0 ) corresponds to a cut-off 'reference radius' in the self-similar framework and γ is the angle between n and the direction (θ, φ) in the integral with the following relation of series expansion: for the second integrand on the RHS of integral (D2). The factor cos γ in the first term u · n plays the same role of selecting only l = 1 component of spherical harmonics; with the specified z-axis along e z , we have only the m = 0 component in l = 1 cases. We then drop other {l, m} components in the integral once they encounter the cos γ factor. To the first order, components of other {l, m} can only contribute to the integral via the coefficient of V lm . We now write out the second term on the RHS of integral (D2) as 
For the terms containing V lm , we separately deal with the l = 1 case and obtain the expression
After a simple deduction, we obtain the total force vector (pressure and flow stress together) for the momentum flux 
where we have omitted to label m = 0 in subscripts in the l = 1 case for simplicity. In expression (D9), the pressure contribution On the RHS of expression (D9), the first term is exactly equation (55), while the second term contains contributions from other {l, m} components. We define a vector related to asymmetries from a higher l component as S lm ≡ ∇ ⊥ Y lm d ; we can show that S lm = 0 for even l, while S lm is generally non-zero for odd l. This is because we have Y lm (θ, φ) = (−1) l Y lm (π − θ, π + φ). Therefore when l is even, Y lm (θ , φ) is an even function and ∇ ⊥ Y lm (θ , φ) is thus an odd function; it follows that S lm = 0 for even l.
We next consider the gravity term on the RHS of equation (54) 
As before, the force is along the z-axis for l = 1 case and contains vector S lm for odd l. After straightforward calculations, the gravity force term is 
Using asymptotic solutions (40), (47) and (48), one can further show that in the l = 1 case, for multipole, P 1 and P 2 modes, the gravity force term equals that of momentum flux to the leading order. However, we can also find that in l = 3, 5, . . . cases for P 1 mode, the force terms by momentum flux and gravity are not equal, and total force diverges as x −1 . We therefore suggest that 'kicks' might also be produced during collapse of the stars, and they are caused by asymmetry of l = 3, 5· · · component of the P 1 mode. This paper has been typeset from a T E X/L A T E X file prepared by the author.
